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Abstract

We consider scalar field theory in the D-dimensional space with nontrivial
metric and local action functional of the most general form. For this model it is
possible to construct a generalization of the renormalization procedure and the
RG-equations. In the fixed point the diffeomorphism and Weyl transformations
generate an infinite algebraic structure of D-dimensional conformal field theory
models. The Wilson expansion and crossing symmetry enable us to obtain sum
rules for dimensions of composite operators and Wilson coefficients.

PACS numbers: 11.10.—z,11.10.Gh, 11.10.Hi, 11.10.Kk, 11.25.Hf, 11.55.Hx

1. Introduction

Essential achievements in the study of quantum field theoretical models were obtained on the
basis of the analysis of their symmetry properties and algebraic structures. The higher the
symmetry, the stronger are the restrictions put on the possible form of correlation functions.
It is known that the conformal invariance defines two-point correlation functions up to a
constant amplitude and three-point correlation functions as finite linear combinations with
constant coefficients of known functions (Polyakov triangles) [1-3]. For the two-dimensional
conformal field theory its most fundamental features are described by the Virasoro algebra
[4, 5]. A possible extension of these algebraic methods on conformal field theory (QFT) in
D dimensions was suggested for arbitrary D in [6]. There it was proposed to use the algebra
of the general coordinate transformation as an analogue of the Virasoro algebra for the D-
dimensional case. In [6] the Green functions for operators ¢, ¢* were studied in the ¢* theory.
For a generalized diffeomorphism composed of diffeomorphism and Weyl transformation the
Ward identities for these Green functions were obtained. These are similar to those used in
the two-dimensional QFT. In this paper we generalize the results of [6] for all the composite
operators of the scalar Euclidean D-dimensional QFT and construct the infinite algebraic
structure analogous to that presented by the Virasoro algebra in two dimensions.

The popular belief [5] that for integer D > 2 the symmetry of QFT is finite (because
conformal transformation is completely specified by (D + 1)(D + 2)/2 parameters) appears
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to be erroneous. For arbitrary D similar to the two-dimensional case, the global conformal
transformations form a subgroup of an infinite-dimensional group of the QFT symmetry. In
order to describe this symmetry we analyse the diffeomorphism and Weyl transformation of D-
dimensional field theory in curved space and the most essential features of its renormalization
procedure [7]. It enables us to reveal an infinite algebraic structure in the D-dimensional
Euclidean QFT and to obtain its basic relations.

If the normalization factors of field operators are fixed, the correlation function in the QFT
is defined by anomalous dimensions of fields and coefficients of the Wilson expansion [3, 5],
and from this point of view exact analytical relations connecting these characteristics seem to
be especially important. In this paper we construct the sum rules of such a kind for dimensions
of fields and the Wilson coefficients for the Euclidean scalar QFT in an arbitrary dimension
D. They follow from the Wilson operator product expansion and crossing symmetry for the
four-point correlation function [8].

The paper is organized as follows. For eliciting an inherent algebraic structure of the
Euclidean field theory we consider in a D-dimensional curved space an auxiliary model (AM)
of scalar field theory with the action of the most general form. The general coordinate
transformations and the local scale transformations of AM are studied in sections 2 and 3. In
section 4 the infinite symmetry of the Euclidean D-dimensional renormalized field theory is
determined from the symmetry of the renormalized AM. In section 5 the symmetry properties
of the D-dimensional Euclidean QFT are investigated. The specific features of the Wilson
operator product expansion and crossing symmetry in the QFT are considered in sections 5
and 6. The most important points of derivation of sum rules for anomalous dimensions
and Wilson coefficients are presented in section 7, and technical details are described in the
appendix. The results are discussed in section 8.

2. Diffeomorphism transformations

For a curved D-dimensional space with metric y,, the general coordinate (diffeomorphism)
transformations are defined in the following way. The infinitesimal reparametrization of the
coordinates x is written as SO]?Tx“ = a*(x), where o, (x) are the parameters of transformation.
The commutation relation for diffeomorphism transformations (DT) is of the form
DT ¢DT] _ (DT

[+ 85" ] = Sarp- (1
where [«, ] = (@V)B — (BV)«x is the commutator of vector fields (V;, denotes the covariant
derivative, V,y,, = 0). For tensor fields,

SPTF(x) = Ly F(x). (2)

Here L, denotes the Lie derivative defined by the vector field o* (x):

n
..... m _ yeesMm )\.i seesMm i ,...,)»,‘,..., m
LoFl'efn(x) = (V) Flehk +vaa F bt ZV,\ia“ Fom Hon

..... v, vy Aiyeeey Vg
i=1 i=1

In particular, for the scalar field ¢ and the metric y,,, (x) we have
S 9() = @V)p), 8w = Ve + Viay. 3)
Let us introduce the notation

2
ol (y) = Via’ + Vol — B(Vot)y’“’.

When o/’ = 0, a(x) # 0, the vector a(x) and the corresponding transformation §<°" = §0T
will be called conformal. It is well known that in the flat space §<°"x is the conformal
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transformation (CT) of the coordinates x. The commutator [«, 8] of conformal vectors «, 8
is conformal. Therefore, it follows from (1) that the CTs (if they exist for the given metric
y (x)) form a subgroup of the DT group. This subgroup will be called conformal.

Let ®(x),,,... ., denote the covariant tensor obtained by products of covariant derivatives
of the field ¢ and the curvature tensors with possible contractions of a part of indices. The
set {®} of all such tensors can be used as the basis for constructing diffeomorphism invariant
local functionals of the field ¢. Thus the most general form of the diffeomorphism invariant
local action of the field ¢ in the curved D-dimensional space can be written as follows [9, 10]:

SA,y,¢) = /dx\/?L@(X), Ax)),
where y = dety,,, L(¢(x), A(x)) is the Lagrangian:
L(¢(x), A(x), y(x)) = Z A (x)®; (x),
®; { D)

and A’(x) denotes the contravariant tensor source corresponding to the covariant tensor field
@, (x). In the Lagrangian the indices of sources and the fields are contracted.

The generating functional for the connected Green functions of the Euclidean quantum
field theory with action S has the form

W(A,y) = ln/exp{—S(¢, A)}D¢.

The metric y,,, (x) can be considered as the source for the energy—-momentum tensor.

Taking into account the diffeomorphism invariance of the action S(¢, A) and using the
Schwinger equations for W it is easy to show that the functional W (A, y) is invariant with
respect to the DTs:

85 W(A,y) = DJTW(A,y) =0. )

‘We have used the notation
8 .8
DDT A, ESDT —— + SDTAl—,,
a ( J/) o yM 5)/;w Xl: o SAi

where 82Ty, SPTA" are defined by (2), (3). Obviously, the operators DPT(A, y) form a
representation of the diffeomorphism algebra:

[DPT(A, y), DYT(A, y)] = DRY (A, p).

3. Weyl transformations

We consider now the group of the Weyl transformations (WT). For the metric y,,, the
infinitesimal WT is defined as the local rescaling

8y Vv (%) = =20 (X) Yy (x) )

specified by the scalar function o (x).
These transformations form the commutative algebra

[8).8)]=0. (6)

oY%
For the field ¢ we define the WT in the following way:

8V (x) = o (x)dpp (x), @)
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where dy = (D — 2)/2 is the canonical dimension of the field ¢. Definitions (5), (7) make it
possible to define the WT for the set of fields &:

sVo(x) = <3§Vy,w + 5§V¢—> D (x).

§ 8
Ly 5¢
This transformation can be written in the form

5 Di(x) =Y M (0)®;(x),
J

with the matrix Mij (o) = Ml.j (o, y) satisfying the relation
w $ w 8
8 Yumvs——M(p) =38, yyw——M(0) +[M(0), M(p)] = 0. (8)
Syp.v ayuu

Let us define the operator

DY (A, v, ¢)=8) Vi

3 .8
+oVp—+ Y SN A —,
8y;w Yol ; SA!

where
sVA = Z (0 D8, — Mi(0)) A/ )
J
It can be considered as a general form of the infinitesimal WT suitable for all fields and sources
because from (8), (9) it follows that

[DY(A,y.0). D) (A, y.$)] =0.
For the WT defined in this way one can easily prove that the action S is invariant:
D) (A, y,9)S(A, v, ¢) =0. (10)

Similar to the case of the DTs, it follows from (10) that the functional W is invariant with
respect to the WTs:

DY (A, y)W =0, (11)
where
) .0
DY (A, y)=DY (A, y,00=8"y,,—+ Y VA —. 12
FA) = DA 0 =8 g D SN (12)

The operators D) (A, y) form a representation of the WT algebra:
[DY (A, y), DY (A, )] =0.
For a constant o,
$Y®; = dio @, Mj(0) = 8j0d;, SVA =dioc A,

where the constant parameters d; = d; (D), d; = D — d; = d;(D) are the dimensions of the
field ®; and the source A’. For the field ) = V,¢V*¢ we have dy = D, and d( = 0 for the
corresponding source AY. If the source A’ is dimensionless, i.e. d; (D) = 0 for some definite
value D = D; of the space dimension, the dimension D; is called logarithmic for A;. For a

. . . I 7l 7
given D we denote the dimensions of fields and sources as d jog =dj|lp=p,d jog =dj|p=p.
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4. Renormalization

To perform the renormalization procedure we choose the source A that defines the logarithmic
dimension D which is considered as a fixed parameter specifying the renormalized theory.
The generating functional W, for renormalized Green functions is defined as follows:

W, (J,y) = WA, y),¥).
The functions A(J, y) on the right-hand side are of the form

Al = u®Fi(J,y, D). (13)
Here u is an auxiliary scaling parameter,

IF'(J,y, D)

A; = A((D) = d;(D) — d;"*®, N
J=0

=1.

The function F(J, y, D) obeys the homogeneity condition
Dt(J,y)F'(J,y, D) =d*F'(J,y, D), (14)

where

B
D¢(J,y) = Z d“’gJ’ 2Y iy~ (15)

7

It is also supposed that the functions J(A, y) defined by (13) are the tensors with respect to
DTs:

STy =L, J". (16)

The operators DPT(A, y), D¥ (A, y) can be presented in terms of the variables of W, . It
follows from (12), (16) that

DX (A, y) =D2"(J,y) = DBT(J, ¥ (17)

Dy (A, Y) =D, y) =8 Viws— Z gy (18)

) Fl3.
Vv

The WT for the sources J can be obtained from (9), (12), (13):

sYI =3 "Ti1> [oDs] — M| (0)|F* = 20y,

Here T; is the element of the matrix 7 defined as follows:

Since the commutation relations do not depend on the choice of variables,

[P (. v). DR (. )] = DRl (. v), (19)

[DYJ.y). D) (J.y)] =0. (20)
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In virtue of (13), (14), (15) we have D'°¢(J, y) = D'°%(A, y). Hence, for o being constant
we obtain the relations

)
DY(A,y)=aD"¥(A,y)+0 Z Aidige
JA; )
=oD"¢(J,y)+0 Y u—r0 —
lZ 8“ J:const(SAi
s 9 9
=oD(J,y)+ou— —opu— .
aM J=const al’L A=const
and
. . o 8Ji
8V ) =DYA,y)] =0 (d§ ey ) . 1)
a“ A=const

It follows from (4), (11) that W,.(J, y) is invariant with respect to the diffeomorphism and
Weyl transformations:

DY, W, (J,y) =0, (22)
DY (1. Y)W, (J. y) =0. (23)
For usual models of the quantum field theory the functional W, (A,, J,, J, ) in the Euclidean
D-dimensional space can be constructed from W, (J, y) in the following way:
W. (A, I, Jy) =W, + J,, VE + Jy)

Here A,, J. denote the set of renormalized parameters and the set of the sources of renormalized
composite operators, respectively. The source of the energy—momentum tensor and the metric
of the D-dimensional Euclidean space are denoted by J, and y %, respectively. If nonzero

Ai # 0 occur only when d_}.og > 0, then the model is renormalizable. In this case by
choosing the appropriate functions F' in (13) the functional W, (A, J,, J,) and the operators
DPTO + U, vE+ J,), DY (A + J, vE + J,) are finite for D = D, finite parameters A,
and sources J., J, [9-11]. For W,(,, J., J,) equation (23) with a constant o appears to
be the usual renormalization group equation (if one takes into account (21) and (22) with
a(x) = x0).

5. Critical point

Combining the DT and the WT one can obtain the transformation
80 =80T +8)| _va-
- D
From the commutation relations (1), (6), it follows that
[0, 881 = 8jap-

This means that the transformations §, form the representation of the diffeomorphism algebra.
In virtue of (3), (5) we have

Say™’ = -0t

Hence, 6,y "” = 0 for conformal «. Let us introduce the operators
Du(J.y) =D (. y) + D (. y)] s
D (A, Jry J)) = Dy + T yE+ 7).
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It follows from (19), (20) that
(D, Oy Jes 3y). Dy (Mps Iy T)| = Dy gy Oors T ),

i.e. the operators D, form the representation of the diffeomorphism algebra. In virtue of the
diffeomorphism and Weyl invariance of W,,

D;()\r» Jr, J]/)WV()\'Vv Jr, -,)/):0 (24)
If

D,(A*,0,0) = —o}" (y")

5)/ 2%
for the parameters A, = A* of the renormalized Euclidean theory, we call this set of parameters
the critical point. It can be proven that this equality is equivalent to relations defining the fixed
point [11] in the renormalization group theory.

For conformal « let us denote D;"“f( Jr Jy) = DL, (A*, J., J,). For the flat space, it
follows from (24) that

DMy, J)W, (A5, Iy, Jy) = 0. (25)

In virtue of Dgf’“f(O, 0) = 0, equality (25) means the usual conformal invariance of the
Euclidean quantum field theory at the critical point.

6. Wilson expansion

The obtained infinite number of Ward identities present the algebraic structure of QFT in
terms of linear differential equations for W, in first-order variation derivatives. The well-
known Wilson asymptotic expansion is written as a differential relation including variation
derivatives of second order:

8 8 8
mmwr = ZI:/dZKijl(x,y,Z)mWr. (26)

It can be considered as a completing condition for the considered algebraic structure. In the
QFT the Wilson-expansion series are convergent [12]; the functions K;;;(x, y, z) being three-
point correlation functions are defined exactly up to the finite number of constant (Wilson
coefficients) by dimensions of field operators. In this paper we study restrictions following
from (26) for dimensions of fields and Wilson coefficients. For this purpose we introduce
some definitions and notations.

Let x™ be a symmetric traceless tensor of rank n constructed from components

Xxqg,a =1,...,d, of the D-dimensional vector x and Kronecker symbols:
(n) _
Xgyoa, = Xay * " Xa, — traces.

By definition, the contraction of x™ with y™ is written as
{3}
Xy — Zdlin)XZkyM(xy)ank = 7™ (22, xy),
k=0
where {n/2} denotes the integer part of n/2, and d\" = 1. With fixing F® (0, b) = b" and
condition Bf}— ™ (x2y2, xy) = 0 the function F (a, b) is defined unambiguously:

(3 ko
o e (4 w _ (“DfITE+n —k—1)
Fra,b)=b gdk <b2)’ &= T — TGt n— 1)
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We shall use the following notation:

L(x;x) = L™ (a; x) = x" L(a +n; x)

(x2)e’

(X —=Ya * =2

(x=y? =27

V(ar, oz, a3; X1, X2, x3) = L(A12; x1 — x2) L(Aq3; x1 — x3) L(Ag3; X2 — x3)
= (X1 — x2) A2 (xy — x3) A0 (xp — x3) THAD

VO, B, yix,y,2) = Vi By x, v, 02" (x3 y, 2),

where x, y, z, x1, X2, x3 are the vectors of the D-dimensional space, and

Aa(x3y,2) =

The Wilson expansion for the four-point correlation function W (x, y, s, t) of the scalar
field ®, with the dimension « reads [3, 12]

W(x,y.s.1) = Zf,/ VOB o052, %, VOB, ot 2,5, 1) dz. @27)
n,l

Here, f;, are the Wilson coefficients, V) (z, x, ¥; Bin, o, &) is (up to a constant amplitude) the
three-point correlation function of two fields ®, and one symmetric traceless one-component
tensor field with the dimension d,, and Eln denotes the ‘shadow’ with respect to the d;
dimension:

Bin =26 — B — 2L

In virtue of VO(z,x,y; B, o,) = (=D'VO(z,x,y; Bu, @, @) and symmetry
Wi(x,y,s,t) = W(y,x,s,t) = W(x,s,y,t) we conclude that in (27) the summation
parameter / is even, and the crossing symmetry equation

D fn / VOB, 52,2, VO By 0@ 2,5, 1) dz
n,l

= Y i [ VOB ez x VOB 0wz dz )
n,l

must be fulfilled. It is a nontrivial restriction on the possible values of the Wilson coefficients
and dimensions of fields. We show how one can be expressed in the form of exact analytical
relations not containing coordinates x, y, s, f, 2.

7. Crossing symmetry and sum rules

It will be convenient for compact writing of formulae to use the notation & for the half
dimension of space D and a short notation for the product of I"-functions:

D
SEE, I'(a,b,...,c)=T@TI®)---T'(c).
If our expressions contain the letter with prime, it will have the following meaning:
o =€ —a.

Equality (28) is exact, but it is an integral equation with infinite number of terms, and a direct
analysis of them is not easy. We obtain an evident form for the following consequence of the
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crossing symmetry equation:

—t (m)V(l) ny 0, 05 2, X, V(l) B ny &, 0, 2,8, t
Zfln/(s ) (Bin, @, 5 2, X, y) (ﬂ]aazs)dxdsdz
n,l

(S _ t)2(y+m)

dx ds dz.

(S _ t)2(y+m)

Y /(s —)MVOB,, 052, x,5) VOB, o, @5 2,3, 1)
== In
n,l

(29)
It is important that (29) must be fulfilled for arbitrary y and all integer m.
The first step of the calculation is a direct integration over x. In the appendix it is shown

that with help of the formula
',pB,&—ao —p +n)
L™ (a;x —2)L(B;z — y)dz = 7° LW+ —&x—y),
T i e g AUCEY ELEEY
(30)
one can integrate V) (z, x, y; B, &, ) over x. After that the crossing symmetry equation
takes the form

hY/ 6=0"0-2"VOB, @ 012,51
- In (s — t)2(y+m)(y _ Z)Z(a+lfé)+ﬁm

ds dz

ds dz, (31

Y (s =)™ (s —2)PVOQB,, a,as 2, y, 1)
- In
n,l

(s — 1)20r+m) (5 — 7)2+—E)+fn

/ SF(O‘/"'ﬁln/z"'l, —a/,%'—ﬂm/z)
fln = fl’ln :
Fe = Bin/2,28 —a, fin/2+1)
Now we do contractions of indices in (31). For compact writing of results we use the shift
operator T, acting on functions of € as follows:
Tef(e) = f(e+1).
Let us denote A = (a1, a2, a3), X = (x1, X2, x3), E = (€1, €2, €3), R = (p1, p2, p3),

S(A; X) = S(o, o2, 033 X1, X2, X3)

= / L(ay; x1 — y)L(az; x2 — y)L(a3; x3 — y) dy, (32)
Sa(A; X) = Sy (a1, a2, @35 X1, X2, X3)

= [ L = A i )L i 2 = )L = ). (33)

It is shown in the appendix that the result of contraction of tensor indices in the function
S, (A; X) can be presented as

Sn(A; X) =T (E, R)G(A, E, R)S(A + R; X)|g=g—0. (34)
where

T"(E, R) = F™(M(E, R), N(E, R)),

M(E,R) = le T [(Te, + T ) (T, Ty, + Te, Tp,) — Te, T, T, ],

N(E,R) =T [(T, + T.)(T,, — T, + (T, — T.,)T,, .

3
T +pis 1 — o)) + pi
G, B R = [ Dot P L= o * 21),
el C(oyy +€, 1 — Oln”)
Bui B
Oy = 00+ — — &, dpp =03 = — — — L.

2 2
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With (34) the problem of integration in (31) is reduced to the case [ = 0 and is solved directly
by integration formula (30) (see the appendix). The final result is formulated in the following
way. The crossing symmetry relation (31) is equivalent to the equality

> Fuet, Bus y.m) =0 (35)
nl

fulfilling for an arbitrary value of the parameter y and integer m > 0. The function
W, (e, Bui; v, m) can be written in the form

W (@, Bus v, m) = T (E, R)Q(, But, E, R) (@, Bty Vs R) | =ro0,
where

2 ED ()PP T (pn + o3, 1 — gy + 03)

Q(a, B, E, R) =

. . 3 ’
sin(rwer,,,) sin(wog,,) [T—; T + €, 1 —a)y;)
(0,05, 05+m,0,+m) T(r],75, T5+m, 1, +m)

Q o i R = —_
w(@ Pty R) T(o1+m,00+m,03,04) T(ti+m,o+m, 13,14

with
01=y+a+%—$+l, 02=y+oz—%—l+p2+p3,
o3=25—a—p—Y, o4 =36+l-2a0—p1—p—p3— 7,
=y, n=a—l+pi+pst+ty—§,
1’%—35—@—01—,01—%
2
r4=2$+21+%—a—p1—pz—pz—y-

8. Conclusion

It has been shown that for scalar Euclidean field theories at the critical point A, = A* the
operators D, (A,, J,, J,) represent the generators of the DTs. The functional W, (A,, J,, J,)
is invariant with respect to the infinite set of the DTs defined by D, (7., J,, J,), including
conformal transformations of the D-dimensional Euclidean space. The Ward identities (24),
(25) are the formal expressions of this invariance.

The Weyl invariance is described by equation (23), where the WT is presented by the
differential operator DY (J, y). For a constant o it generates the usual renormalization
group equation (if one puts in (24) a(x) = xo). With arbitrary o (x) relation (23) could be
regarded as a solution of the problem of local generalization for the renormalization group
equations [14].

For the constructed algebraic structure the Wilson expansion (26) is included as an
additional relation. It was used to derive the sum rule (35) which must be true for arbitrary
A and integer m. This nontrivial condition enables us to hope that these sum rules contain an
essential information about the dimensions of composite operators and the Wilson coefficients.

We have obtained the following result. There exists an infinite-dimensional algebraic
structure corresponding to each model of the D-dimensional Euclidean scalar QFT. It is
described by the commutation relations (19), (20), Wilson expansion formula (26) and Ward
identities (23)—(25). By choosing the logarithmic dimension D defining dimensions of sources
J;"g, the concrete scalar field theory model is fixed. Additional restrictions follow from the
sum rules (35).
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From the physical point of view, we revealed a hidden infinite-dimensional symmetry
in usual scalar field theory at the critical point. It generates an infinite number of the
Ward identities being an analogue to the infinite number of conservation laws in completely
integrable systems. The critical exponents and Wilson coefficients of the model obey the sum
rules which are written as exact transcendental equations in terms of I'-functions. It enables
us to conclude that investigation of the considered infinite-dimensional algebraic structures is
important for the deeper understanding of inherent features of the critical state.

It can also be useful for the practical calculation of the characteristic of the critical
behaviour in concrete models. For example, in the case of ¢*-theory we have to choose in (13)
the logarithmic dimension D = 4. If we denote ¢ = (D — 4)/2 and present the right-hand
side of (13) as a power series in £ !, the coefficients of this series can be interpreted in terms
of renormalization constants for field operators in the minimal subtraction scheme. Then the
algebraic structure of theory, presented by (19), (20), provides infinite number of algebraic
relations for renormalization constants. Together with the sum rules (35) they can be used for
construction of effective calculation methods for critical exponents and Wilson coefficients in
the framework of the e-expansion.

Acknowledgment

The work was supported by grants RFBR 03-01-00837, RSS-5538.2006.2 and RNP.2.1.1.1112.

Appendix. Details of calculations

We present some technical aspects of calculation methods used in this paper. The basic
formula for our integration over coordinates of the D-dimensional space is

/L(a; x—2)L(B;z—y)dz=v(a, B, y)L(y' ;s x — y),
EF(O{/, /3/7 V/)
L, By)

It can be easily proven with the help of Fourier transformation [13]. For derivatives we have

(A1)
y:2§—a—,3,v(a,f3,y)=n'

x® _ (—=D)"T () 3(")L

(@; %) x2n) oD (g +p) ¥ x2¢
T.o,\"™ T T.0,.\™ T
_(_1e (@) _(_1e (a) La: %) ’ (A2)
2 (o +€)x2 » 2 C(o +€) >
(2" L(c: x) = (32)" 1 4 Noa+n,n+1—a)
o, X) = —_— =
. T x2a o, 1 — o)x2@n)
Fa+p,p+1—0a)
47T,) Mo 1 —a) (@ + p; x) (A.3)
p=0
From (A.1), (A.2) we obtain the generalization of (A.1):
f“”(a: x = 2)L(Biz— y)dz = v (o, B, )L (¥ x — ),

(A.4)

@ By +n)

(n) =
v, B,y) =7 C(a+n,B,y)
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For the calculation of the integral over x in (29) we use the inversion operator R acting on
the function of the D-dimensional vectors and defined as

X
Rx el Rf(x,y,...,z2) = f(Rx, Ry, ..., R2).

The inversion operator has the following properties:

1 1 2u 20
R2=1, RszZ(x’ R 2 = )C yz’
X7 (x=y* x—-y=
3(Rx) 1
RAO; y,2) =y — 2z, det = —.
O;y,2)=y—z e<ax> 72D

Therefore, we obtain
/ V(Z)(O, x,y; 8,0, a)dx = RZ/ V(l)(O,x, v; B, o, o) dx

_R / (x = OV (0, Rx, Ry: B, o, o) d(Rx)
- (x = )
= R/ X2d—a)y—2a(x _ y)2a—p dx

v — B/2 1,26 —a, B/2+1)y?
y2a—E)+p ’

Hence,
/ VO, x,y; B0, )dx = v — B/2 — 1,26 —a, /2 +1)LD (a — &+ g; y— z) :

Thus, after integration over x in (29) one obtains (31).
It follows from the definition of A(x; y, z),, and (A.2) that

AX; Y, Dy =D, (y. 261, 62) ['(a, B)
= y2(x - N e Bre)x — )= (x — 0P

’

6]162:0
and
MUE YD ) T(a, B)
_ 2ua _ 2)3 - (y5 Z761’€2 F _ 2ua _ 28 ’
(x =y -2 (@+e, pre)x —y)*(x —2)7 | _ o
where

D, ( L
,2,€1,€62) = < _— = — .
MyZ 1, €2 ) 618yu 628ZM

Using (A.2) and notations (32), (33) we obtain the following equality:

T, 0«

(n)
S,,(A;X)=<— ) D™ (x2, x3; €2, €3)G (A, E)S(A; X)| =0,

r
G(A. E) = (a1, o2, r3)

T(a)+e,00+6,03+€3)

The function S(A; X) is invariant with respect to translations, i.e. S(A;xq, x2,x3) =
S(A; x1 +y,x2+y,x3+Yy). Therefore

(x, + 0, + 0, ) S(A; X) =0, 05,0, S(A; X) = 5(97, — 97 — 97 )S(A; X),

Xk_
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where i, j,k =1,2,3andi # j, i # k, j # k. By means of (A.3), we obtain

75 \2
<GITXI> D (x3, x3: €2, €3)G (A, E)S(A; X)| =0

1
= T2} (T20; + 1297, — 2T62T538xZ8x3)kG(A, E)S(A; X)|g—o

T ga T el

= M(E, R)*G(A, E, R)S(A + R; X)|g=0. g0
where R = (p1, p2, p2),

M(E,R) = le T [(Te, + To) (T, Ty, + Te, Tp,) — Te, T, T, .
3

G E.R)=]]

i=1

(o +pi, 1 —a) +p;)
D +€,1—a))

Analogously we obtain the relation
!
Tél axl D . .
- (x2, x3; €2, €3) | G(A, E)S(A; X)|E=0

= 4llTj] (T8, 04y — Tey0,3y) G(A, E)S(A; X)| =0
= N(E,R)'G(A, E, R)S(A + R; X)|£=0.r=0,
where
N(E,R) =T [(T, + T.))(T,, — T,) + (T, — T.,)T,, .

Thus, we have shown that the result of contraction of tensor indices in the function
S.(A; X) can be presented as

S.(A; X) =T™(E, R)G(A, E, R)S(A + R; X)|g—r—o,
where
T"(E, R) = F"”(M(E, R), N(E, R)).
We can write the crossing symmetry equation (31) as

ny{l/sn(anllvanl%anl?a;yss»t)L(m)(Cill"'V;s_t)ds

n,l

= Zﬁ{,/&(ozm,anlz,amg;s,y,t)L<m>(y;s — OL(Gu; y — 1) ds,
n,l
with

ann:?—a, QApiy = Api3 = §n1=0l—7-

By means of (A.4) we obtain

ﬁﬂl ’ @ Enl
2 b

/S(al,az,as; y, s, )L™ (¢ +y;s —1)ds
=D (ay, 0,03, ¢, ¥, m)L(m)(ocl +ary+az+C+y —28t—y),
fS(al,az, asis, y, DL™ (y;s =L s — y)ds

= Oy, 00,03, &, Y, m)L™ (@ +op + a3+ +y — 2851 —y),
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where
Dy (ar, a2, 03,8, y,m) = V(Y +§,00,26 —oa —y — ¢)

XUy +¢+ot+a; —§ 01,36 —ay —ay —a3 —y — ),
Dy, 02, 03,8, 7, m) = v (Y, 01,26 —ay — y)

XVp(lop +or+y —&,03,38 —o) —ap —a3 — y).
Let us denote
DA, g, y,m)=P(ar, a2, 03,5, y,m) = P (A, §,y,m) — P2(A, {, y, m),
W (@, Bus vy, m) =T (E, R)G(Au, E, R)YP(Au + R, ¥, &u) | E=r=0,

where A, = (u1, o2, @y3). Equation (31) reads

Z St Wi (o, Buis v, m) = 0.
nl

It is fulfilled for an arbitrary value of the parameter y and integer m > 0. Using notations
E = (€1, €3, €2), R = (p1, p3, p2)»

L, v, vi+m, v, +m)
An(vp, vp; v3, 1) = 23— 4

T(vi+m,va+m,vs, )

we write

F(a _IOi9)
D (Au+ R, y,m)=a% || =2 TV A, (Guits Oniz; Oni3s Onia),
1(An y.m) l_[ T @ + p1) m(Oni1s Oni2s Oni3s Onid)

Bui

Gn11=7/+0l+7—$+l, anz=7/+0l—%—1+,02+,03,
oz =26 —a—pr—y, Opig =38 +1 =200 — p1 — p2— p3 — ¥,

T(ay,; — pi,)
Oy(Ap + R, y,m) =% [ | =02 A, (Tt Tz Tuiss Toia)s
2( nl Y ) 1_[ F(Olnll+,0i) m(nll nl2, tni3 nl4)
Tall =V, Tnzz—a—l+,01+,03+)/—§,

Bl
tnz3—3$—7"—a—m—y,
ﬂnl

Tn14—2€+2l+7—0!—,01—,02 p3— Y-
Taking into account that I'(1 — x, x) = 7/ sin(7rx), we obtain

F(anll pis )

G E R, )l_[ L (i + 0i)

2
l—[ T (ot + pin 1 — oty + piy oy — pi) Ten + p3, 1 — ey )y + p3)
Cow +€,1— Ol,,,[,'y Quti + 0;) Caun +e3,1 — 05;[[2)

i=1

’ 3
_ g2 C(ann + 03, 1 — oy + 03) 1—[
sin(r (a,;; — 1)) sin(rw (o, — p2)) + 1 ot + €, 1

i1 i)
For integer m, and for even n
sin(o + tm) = (—1)" sin(«),
T™(E, RYG(Au, E, R)®2(Au + R, ¥, {u) |l E=r=0
=T"(E,R)G(Au, E, R)®2(Au + R, ¥, &) | E=r=0
=T"(E,R)G(Au, E, R)®2(Au + R, ¥, L)l E—r=0.
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Therefore we can present the function W, («, B,;; v, m) as follows:

W (e, s y,m) = T(E, R)Q(A, But, E, R)Q (e, Buts vy R) | =r=0,
where
2 ED ()P (apy + p3, 1 — o)y + 03)

Q(Ol, ﬂnla E, R) =

. / . / 3 r 1 N
sin(a,,;,) sin(wa,,;,) ni:l (uii + €, 1 —ay;)
Qe Bur, v, R) = Ap (01, 025 03, 0nia) — A (Tuit, Tai2s Tz, Tuid)-
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